

Appendix 2

Matrix Analysis* 



2.1 Definitions


Let A be an  matrix with elements aij, i=1,2, … ,m; j=1,2, … ,n. A short hand description of A is


		

The transpose of A, denoted by AT, is defined as the  matrix with elements aji or 

		
------------------------

Example 2.1.1:   
--------------------------
A square matrix is one for which m=n. A square matrix is symmetric if AT=A.


The rank of a matrix is the number of linearly independent rows or columns, whichever is less. The inverse of a square  matrix A-1 for which

		
where I is the identity matrix

		
A matrix A is singular if its inverse does not exist.

The determinant of a square  matrix is denoted by det{A}, and it is computed as 

[bookmark: ZEqnNum259271]		
where

		
and Mij is the determinant of the sub-matrix A obtained by deleting the ith row and jth column and is called the minor of aij. Cij is the cofactor of aij.
----------------------
Example 2.1.2: 

-----------------------
Any choice of i will yield the same value for the det{A}.
A quadratic form Q is defined as
 

		
In defining the quadratic form it is assumed that aji=aij . This entails no loss in generality since any quadratic functions may be expressed in this manner. Q may also be expressed as

		

where x=[x1    x2    xn]T and A is a square  matrix with aji=aij (symmetric matrix).
-----------------------

Example 2.1.3: =

.
------------------------

A square  matrix A is positive semidefinite if A is symmetric and 

		

for all . If the quadratic form is strictly positive, matrix A is called positive definite. If a matrix is positive definite or positive semidefinte it is automatically assumed that the matrix is symmetric.

The trace of a square matrix is the sum of the diagonal elements or
 

[bookmark: ZEqnNum853947]		


A partitioned  matrix A is one that is expressed in terms of its sub-matrices. An example is the 2x2 partitioned

		



MATLAB  Functions
B=A’;% B is the transpose of A
B=inv(A);%B is the inverse of A
a=det(A);% a is the determinant of A
I=eye(n);%I is an nxn identity matrix
a=trace(A);%a is the trace of A


2.2 Special Matrices



A diagonal matrix is a square  matrix with aij=0 for . A diagonal matrix has all the elements off the principal diagonal equal to zero. Hence

		

		

A generalization of the diagonal matrix is the square  block diagonal matrix

		
where all Aii matrices are square and the sub-matrices are identically zero. The sub-matrices may not have the same dimensions. For example, if k=2, A11 ma be a 2x2 matrix and A22 might be a scalar. If all Aii are nonsingular, then

		
and

		

A square  matrix is orthogonal if

		
------------------------

Example 2.2.1  
----------------------

A matrix is orthogonal if its columns (and rows) are orthonormal. Therefore, we must have 

		


An idempotent matrix is a square  matrix which satisfies the relations
 

		
---------------------
Example 2.2.2: The projection matrix A=H(HTH)-1HT becomes A2=H(HTH)-1HTH
(HTH)-1HT=H(H-1H-THTH(HTH)-1)HT=H(H-1IH(HTH)-1)HT=H(HTH)-1HT. and hence, it is an idempotent matrix.
---------------------
A Toeplitz square matrix is defined as

		

		
Each element along the northwest-to-southeast diagonals is the same. If in addition 
a-k=ak, then A is symmetric Toeplitz. 

MATLAB Functions
A=diag(x);%creates a diagonal matrix A with its diagonal the vector x;
A=toeplitz(x);%A is a symmetric Toeplitz matrix;
A=toeplitz(x,y)%x, and y must be of the same length,
               %the main diagonal will
               %be the first element of x, the first element of y is 
               %not used;



2.3 Matrix Operation and Formulas

Addition and Subtraction

		

Both matrices must have the same dimension.

Multiplication

		
------------------------
Example 2.3.1: 

		
------------------------
Transposition

		
Inversion

		

		

		

		

	
-----------------------
Example 2.3.2:


-----------------------
Determinant (see  )



		

		

		

		
Trace (see ()



		

		

		
Matrix Inversion Formula



		

		
Partition Matrices
Examples of 2x2 partition matrices are given below.

		

		

	

		

		
Important Theorems
1. 
A square matrix A is singular (invertible) if and only if its columns (or rows) are linearly independent or, equivalently, if its . If this is true A is of full rank. Otherwise it is singular.
2. A square matrix A is positive definite if and only if 
a)

[bookmark: ZEqnNum191265]		
where C is a square matrix of the same dimension as A and it is of full rank (invertible), or
b) the principal minors are all positive. (The ith principal minor is the determinant of the sub-matrix formed by deleting all rows and columns with an index greater than i). are all positive. (The principal minor is the determinant of the sub-matrix formed by deleting all rows and columns with an index greater than i). If A can be written as in , but C is not full rank or the principal minor are only nonnegative, then A is positive definite.
.     3.	. If A is positive definite, then

		
4. 

If A is positive definite and B () is of full rank () then BABT is positive definite.
5. If A is positive definite (or positive semi-definite), then the diagonal elements are positive (nonnegative).

2.4 Eigendecomposition of Matrices

Let λ denotes an eigenvalue of the matrix A (nxn), then 

[bookmark: ZEqnNum795774]		
where v is the eigenvector corresponding to the eigenvalue λ. If A is symmetric, then

           Avi=λivi,     Avj=λjvj     ()
and

    


Subtracting (a) from (b) we obtain . But  which implies that the eigenvectors of a symmetric matrix are orthogonal. We can proceed and normalize them producing orthonormal eigenvectors.

From  we write

[bookmark: ZEqnNum156384]		
where

		

Because vi are mutually orthogonal,  makes V a unitary matrix, VTV=I=VVT. Post-multiply  by VT, we obtain 

[bookmark: ZEqnNum500832]		
which is known as unitary decomposition of A. We also say that A is unitary similar to the diagonal Λ, because a unitary matrix V takes A to diagonal form: VTAV=Λ.
If Λ=I, then from  A=VVT=I and, hence, 

[bookmark: ZEqnNum275897]		
Each of the terms in the summation is of rank 1 projection matrix:

		

		
Hence, we write (see  and )

		

		

Inverse
Because V is unitary matrix, VVT=I or VT=V-1 or V=(VT)-1 and, therefore, 

		
Determinant

		


2.5 Matrix Expectations

		

		

		

		

		

		

		

		

		

		



2.6 Differentiation of a Scalar Function with Respect to a Vector

	

		

		

		

		

		

		

		

		

		


* In this Appendix capital letters represent matrices and lower case letters without subscripts, excluding identifiers, indicate vectors. If lower case letters have subscripts and indicate vectors will be written in bold-faced format. 
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