CHAPTER 7

ADAPTIVE FILTERING WITH VARIATIONS
OF LMS ALGORITHM

7.1 The Sign Algorithms

This chapter covers the most popular modified LMS-type algorithms proposed by researchers over the past years as well as some recent ones proposed by the authors1.[footnoteRef:2] Most of these algorithms were designed on an ad hoc basis to improve convergence behavior, reduce computational requirements, decrease the steady-state mean-square error, etc. We start with this section by introducing first the sign algorithms. [2:   Adaptive Filtering Primer, A. D. Poularikas and Z. Ramadan, Francis & Taylor, 2006] 


The Error sign Algorithm

The error sign algorithm is defined by

		
where 

		
is the signum function. By introducing the signum function, and setting μ to a value of power of two, the hardware implementation is highly simplified (shift and add/subtract operation only).


Book MATLAB Function for the Sign Algorithm: [w,y,e,J,w1]=ssp_lms_sign(x,dn,mu,M)

function[w,y,e,J,w1]=ssp_lms_sign(x,dn,mu,M)
%function[w,y,e,J,w1]=ssp_lms_sign(x,dn,mu,M);
%all quantities are real-valued;
%x=input data to the filter;dn=desired signal;
%M=order of the filter;
%mu=step size parameter;x and dn must be of the same length
N=length(x);
y=zeros(1,N);
w=zeros(1,M);%initialized filter coefficient vector
for n=M:N
   x1=x(n:-1:n-M+1);%for each n the vector x1 is produced
   %of length M with elements from x in reverse order;
   y(n)=w*x1';
   e(n)=dn(n)-y(n);
   w=w+2*mu*sign(e(n))*x1; 
   w1(n-M+1,:)=w(1,:);
end;
J=e.^2;
%the columns of w1 depict the history of the filter
%coefficients;
 


Fig 7.1.1 shows the noise reduction using the sign algorithm. For this case we set the following values: M=30, µ=0.001, the input signal to the filter , the desired signal  d(n)=x(n-1) and the output signal y(n).
Normalized LMS Sign Algorithm
The normalized LMS sign algorithm is

		

Book MATLAB Function for Normalized LMS Sign Algorithm
function[w,y,e,J,w1]=ssp_normalized_lms_sign(x,dn,mu,M,ep)
%function[w,y,e,J,w1]=ssp_normalized_lms_sign(x,dn,mu,M,ep);
%all quantities are real-valued;
%x=input data to the filter;dn=desired signal;
%M=order of the filter;
%mu=step size parameter;x and dn must be of the same length;


%ep=small;
N=length(x);
y=zeros(1,N);
w=zeros(1,M);%initialized filter coefficient vector
for n=M:N
   x1=x(n:-1:n-M+1);%for each n the vector x1 is produced
   %of length M with elements from x in reverse order;
   y(n)=w*x1';
   e(n)=dn(n)-y(n);
   w=w+2*mu*sign(e(n))*x1/(ep+x1*x1'); 
   w1(n-M+1,:)=w(1,:);
end;
J=e.^2;
%the columns of w1 depict the history of the filter
%coefficients;


Fig 7.1.2 shows the noise removal from a decaying sine signal. The following factors and constants were used: 

Signed-Regressor Algorithm

The sign-regressor or data-sign algorithm is given as follows

		
where the sign function is applied to x(n) on element by element basis.  


Error Normalized Signed-Regressor Algorithm

The error normalized signed-regressor algorithm is 

		

where .

Book MATLAB Function for Error Normalized Signed-Regressor Algorithm:
[w,y,e,J,w1]=ssp_lms_norm_signed_regressor(x,dn,mu,M,ep)

function[w,y,e,J,w1]=ssp_lms_norm_signed_regressor(x,dn,mu,M,ep)
%function[w,y,e,J,w1]=ssp_lms_norm_signed_regressor(x,dn,mu,M);
%all quantities are real-valued;
%x=input data to the filter;dn=desired signal;
%M=order of the filter;
%mu=step size;x and dn must be of the same length
N=length(x);
y=zeros(1,N);
w=zeros(1,M);%initialized filter coefficient vector
en=0;
for n=M:N
   x1=x(n:-1:n-M+1);%for each n the vector x1 is 
   %of length M with elements from x in reverse order;
   y(n)=w*x1';
   e(n)=dn(n)-y(n);
   en=en+(abs(e(n)))^2;
   w=w+2*mu*e(n)*sign(x1)/(ep+en); %ep=a small positive number e.g. 0.05;
   w1(n-M+1,:)=w(1,:);
end;
J=e.^2;
%the columns of w1 depict the history of the filter
%coefficients;
 


Fig 7.1.3 shows the noise reduction using the above algorithm. The different factors and constants were: .


Sign-Sign Algorithm 
The sign-sign algorithm is given by

		
Book MATLAB Function for Sign-Sign Algorithm

function[w,y,e,J,w1]=ssp_lms_sign_sign(x,dn,mu,M)
%function[w,y,e,J,w1]=ssp_lms_sign_sign(x,dn,mu,M)
%all quantities are real-valued;
%x=input data to the filter;dn=desired signal;
%M=order of the filter;
%mu=step size parameter;x and dn must be of the same length
N=length(x);
y=zeros(1,N);
w=zeros(1,M);%initialized filter coefficient vector
for n=M:N
   x1=x(n:-1:n-M+1);%for each n the vector x1 is produced
   %of length M with elements from x in reverse order;
   y(n)=w*x1';
   e(n)=dn(n)-y(n);
   w=w+2*mu*sign(e(n))*sign(x1); 
   w1(n-M+1,:)=w(1,:);
end;
J=e.^2;
%the columns of w1 depict the history of the filter

%coefficients;


Error-Data Normalized Sign-Sign Algorithm

The error-data normalized algorithm is 

		

where .

Book MATLAB Function for the Error-Data Normalized Sign-Sign Algorithm:
[w,y,e,J,w1]=ssp_lms_error_data_sign_sign(x,dn,mu,al,ga)

function[w,y,e,J,w1]=ssp_lms_error_data_sign_sign(x,dn,mu,M,al,ga)
%function[w,y,e,j,w1]=ssp_lms_error_data_sign_sign(x,dn,mu,M,al,ga);
%all quantities are real; x=input data to the filter;
%dn=desired signal;M=filter order;mu=step size;x and dn must have the 
%same length;0<al<1; ga=1-al, or diferent value less than one;
N=length(x);
y=zeros(1,N);
w=zeros(1,M);%initialization;
en=0;
for n=M:N
    x1=x(n:-1:n-M+1);
    y(n)=w*x1';
    e(n)=dn(n)-y(n);
    en=en+(abs(e(n)))^2;
    w=w+2*mu*en*(sign(e(n))*sign(x1))/(al*en+ga*x1*x1');
    w1(n-M+1,:)=w(1,:);
end;
J=e.^2;
%columns of w1 depict the history of the filter coefficients;


7.2 Normalized LMS (NLMS) Algorithm

Consider the LMS recursion algorithm

[bookmark: ZEqnNum632160]		

where the step-size parameter μ(n) varies in time. It has been shown in the literature that the stability, convergence and steady-state behavior of the LMS algorithm, are influenced by the filter length and the power of the signal. Therefore, we can set

		
in  to find the recursion

		
It is recommended in practice to use a more relaxed recursion that guarantees reliable results. Hence, we write

		



where  and  are constants. The small constant  prevents division by a very small number of the data norm. The normalized LMS (NLMS) algorithm is shown in Table 7.2.1.


Table 7.2.1 The NLMS Algorithm
-----------------------------------------------------------------------------------------------------------
                 Real-Valued Functions                                             Complex-Valued Functions


Input:	

Initialization vector:	w(n)=0
	Input vector:		x(n)		
	Desired output:	d(n)

	Step-size parameter:	
 	Constant:		ε
Filter length:		M

Output:
	Filter output:		y(n)
	Coefficient vector:	w(n+1)
Procedure:


	1)                                      1)  y(n)=wH (n)x(n)  
	2)  e(n)=d(n)-y(n)                                                            2)  e(n)=d(n)-wH(n)x(n)

	3)                  3)   w(n+1)=w(n)

                                                                                                                                              +
Note: The superscript H stands for Hermitian, or equivalently conjugate transpose.
------------------------------------------------------------------------------------------------------------
  
Book MATLAB Function for Normalized LMS and Complex Data:
[w,y,e,J,w1]=ssp_normalized_complex_lms(x,dn,mubar,M,c)


function[w,y,e,J,w1]=ssp_normalized_complex_lms(x,dn,mubar,M,c)
%function[w,y,e,J,w1]=ssp_normalized_complex_lms(x,dn,mubar,M,c)
%x=input data to the filter;dn=desired signal;
%M=filter order;c=constant;mubar=step-size equivalent parameter;
%x and dn must be of the same length;J=learning curve;
N=length(x);
y=zeros(1,N);
w=zeros(1,M);%initialized filter coefficient vector;
for n=M:N
   x1=x(n:-1:n-M+1);%for each n vector x1 is of length
   %M with elements from x in reverse order;
   y(n)=conj(w)*x1';
   e(n)=dn(n)-y(n);
   w=w+(mubar/(c+conj(x1)*x1'))*conj(e(n))*x1;
   w1(n-M+1,:)=w(1,:);
end;
J=e.^2;
%the columns of the matrix w1 depict the history of the
%filter coefficients;
 


Fig 7.2.1 shows the results of the normalized LMS filter with the following constants and factors: . Appendix 3 develops the normalized LMS algorithm.
 
  7.3 Variable Step-Size LMS Algorithm (VSLMS)                   
                  

The VSLMS algorithm was introduced to facilitate the conflicting requirements whereas a large step-size parameter is needed for fast convergence and a small step-size parameter is needed to reduce the misadjustment factor (the factor is proportional to the difference between the mean square error as  and the minimum square error based on Wiener’s solution). When the adaptation begins and w(n) is far from its optimum value, the step-size parameter should be large in order for the convergence to be rapid. However, as the filter value w(n) approaches the steady-state solution, the step-size parameter should decrease in order to reduce the excess mean-square error. To accomplish the variation of the sep-size parameter, each filter coefficient is given a separate time-varying step-size parameter such that the LMS recursion algorithm takes the form

[bookmark: ZEqnNum301880]		

step sizes are determined in an ad hoc manner, based on monitoring sign changes in the instantaneous gradient estimate e(n)x(n-i). It was argued, that successive changes in the sign of the gradient estimate, indicates that the algorithm is close to its optimal solution and, hence, the step-size value must be decreased. The reverse is also true. The decision of decreasing the value of the step-size by some factor c1 is based on some number m1 successive changes of e(n)x(n-i). Increasing the step-size parameter by some factor c2 is based on m2 successive sign changes. The parameters m1 and m2 can be adjusted to optimize performance, as can the factors c1 and c2. 

The set of update equations  may be written in the matrix form

		

where μ(n) is a diagonal matrix with the following elements in its diagonal: . The VSLMS algorithm is given in Table 7.3.1.


Table 7.3.1 The VSLMS Algorithm
------------------------------------------------------------------------------------------------------------
Input:		
Initial coefficient vector: w(0)
Input data vector: x(n)=[x(n)  x(n-1)  …  x(n-M+1)]T
		Gradient term: g0(n-1)=e(n-1)x(n-1), g1(n-1)=e(n-1)x(n-1), … ,
				gM-1(n-1)=e(n-1)x(n-M)
		Step-size parameter: μ0(n-1), μ1(n-1), … , μM-1(n-1)
					a=small positive constant
					μmax=positive constant
Outputs:
		Desired output: d(n)
		Filter output: y(n)
		Filter update: w(n+1)
		Gradient term: g0(n), g1(n), … , gM-1(n)
		Update step-size parameter: μ0(n), μ1(n), … , μM-1(n)
Execution:
1) y(n)=wT(n)x(n)
2) e(n)=d(n)-y(n)
3) Weights and step-size parameter adaptation:
For i=0,1,2, … ,M-1
gi(n)=e(n)x(n-i)
μi(n)=μi(n-1)+assign(gi(n))sign(gi(n))
if μi(n)>μmax,  μi(n)=μmax
if μi(n)<μmin,   μi=μmin
wi(n+1)=wi(n)+2μi(n)gi(n)
end
------------------------------------------------------------------------------------------------------------


7.4 The Leaky LMS Algorithm
It turns out that when one the eigenvalues of the correlation matrix is zero, the solution may become unstable. Therefore, it is important that we proceed to stabilize the LMS algorithm. One way to remedy this difficulty is to introduce a leakage coefficient γ into the LMS algorithm as follows:

		

where .  The leakage coefficient introduces a constraint into step-size parameter and, thus, guarantees convergence.

Book MATLAB Leaky MATLAB Function: [w,y,e,J,w1]=ssp_leaky_lms(x,dn,mu,gamma,M) 
function[w,y,e,J,w1]=ssp_leaky_lms(x,dn,mu,gama,M)
%function[w,y,e,J,w1]=ssp_leaky_lms(x,dn,mu,gama,M)
%all signals are real valued;x=input to filter;
%y=output from the filter;dn=desired signal;
%mu=step-size factor;gama=gamma factor<<1;
%M=number of filter coefficients;w1=matrix whose M
%rows give the history of each filter coefficient;
N=length(x);
y=zeros(1,N);


w=zeros(1,M);
for n=M:N
    x1=x(n:-1:n-M+1);
    y(n)=w*x1';
    e(n)=dn(n)-y(n);
    w=(1-2*mu*gama)*w+2*mu*e(n)*x1;
    w1(n-M+1,:)=w(1,:);
end;
J=e.^2;

		
Fig 7.4.1 shows the result of the leaky algorithm with the following factors and constants:

.

7.5 Linearly Constrained LMS Algorithm
In all the analyses done for Wiener filtering problem, steepest descent method, Newton’s method, and LMS algorithm, no constrain was imposed on the solution of minimizing the mean-square error. However, in some applications there might be some mandatory constraints that must be taken into consideration in solving optimization problems. In this section, we discuss the filtering problem of minimizing the mean-square error subject to a general constraint.
The error between the desired signal and the output of the filter is

		
We wish to minimize this error in the mean-square sense, subject to the constraint

[bookmark: ZEqnNum410299]		
where a is a constant and c is a fixed vector. Using the Langrange multiplier method, we write

[bookmark: ZEqnNum137130]		
where λ is the Langrange multiplier. Hence, the following relations

		

must be satisfied simultaneously. The term  produces the constraint . Next, we substitute the error e(n) in  to obtain  (see Prob 7.5.1)

[bookmark: ZEqnNum476988]		
where

		
and

		

The solution now has changed to . Hence, from  we obtain

		
or in matrix form

		


where  is the constraint optimum value of the vector . In addition the constraint gives the relation

		

Solve the system of the last equations for λ and  we obtain

[bookmark: ZEqnNum229767]		
Substituting the value of λ in , we obtain the minimum value of Jc to be

[bookmark: ZEqnNum466485]		

But  and, hence, using  we obtain the equation


		 
Note: The second term of  is the excess MSE produced by the constraint.
	To obtain the recursion relation subject to constraint , we must proceed in two steps:
	Step 1:

		
	Step 2:

[bookmark: ZEqnNum939077]		
Where h(n) is chosen so that cTw(n+1)=a while hT(n)h(n) is minimized. In other words, we choose the vector h(n) so that  holds after step 2, while the perturbation introduced by h(n)
is minimized. The problem can be solved using Lagrange multiplier method that gives

		
Thus, we obtain the final form of  to be

		
The constraint algorithm is given in Table 7.5.1.

	
Table 8.5.1 LMS Algorithm Linearly Constrained
------------------------------------------------------------------------------------------------------------
Input:		Initial coefficient vector, w(0)=0
		Input data vector, x(n)
		Desired output, d(n)
		Constant vector, c 
 		Constraint constant, a
Output:	Filter output, y(n)
Procedure:	y(n)=wT(n)x(n)
		e(n)=d(n)-y(n)

		

		
------------------------------------------------------------------------------------------------------------

Book MATLAB Function for Constrained LMS Algorithm:
[w,e,y,J,w2]=ssp_constrained_lms(x,dn,c,a,mu,M)

function[w,e,y,J,w2]=ssp_constrained_lms(x,dn,c,a,mu,M)
%function[w,e,y,J,w2]=ssp_constrained_lms(x,dn,c,a,mu,M);
%x=data vector;dn=desired vector of equal length with x;
%c=constant row vector of length M;a=constant, e.g. a=0.8;mu=step- 
%size parameter;M=filter order(number of filter coefficients);
%w2=matrix whose columns give the history of each coefficient;
w=zeros(1,M);
N=length(x);
for n=M:N;
   y(n)=w*x(n:-1:n-M+1)';
   e(n)=dn(n)-y(n);
   w1=w+2*mu*e(n)*x(n:-1:n-M+1);
   w=w1+((a-c*w1')*c/(c*c'));
   w2(n-M+1,:)=w(1,:);
end;
J=e.^2;

Fig 7.5.1 shows the result of a constrained LMS algorithm. The factors and constants were:

 
	
7.6 Self Correcting Adaptive Filtering (SCAF) 

One way by which we may improve the output of the adaptive filter, so that it is approximately equal to the desired one,  is to use a the proposed self-correcting adaptive filtering as shown in Fig 8.6.1.  In this proposed configuration the desired signal is compared with signals which become closer and closer to the desired one. The output of the ith stage is related to the previous one as follows:

		

Book MATLAB Function for Self-Correcting Algorithm: 
[w,y,e,J]=ssp_self_correcting_lms(x,dn,mu,M,I)

function[w,y,e,J]=ssp_self_correcting_lms(x,dn,mu,M,I)
%function[w,y,e,J]aaselfcorrectinglms(x,dn,mu,M,I);
[w(1,:),y(1,:),e(1,:),j(1,:)]=ssp_lms(x,dn,mu,M);
for i=2:I%I=number of iterations, I<8-10 is sufficient;
    [w(i,:),y(i,:),e(i,:),j(i,:)]=ssp_lms(y(i-1,:),dn,mu,M);
end;
J=e.^2;


Fig 7.6.1 shows the results using the self-correcting algorithm with the following factors and constants: . The output y1(n) is at the first stage and y12(n) is the output at the 12th stage.


Book MATLAB Function for SCAF Sign Regressor: 
[w,y,e,J]=ssp_self_correcting_sign_regressor_lms(x,dn,mu,M,I,ep)


function[w,y,e,J]=ssp_self_correcting_sign_regressor_lms(x,dn,mu,M,I,ep)
%function[w,y,e,J]=ssp_self_correcting_sign_regressor_lms(x,dn,mu,M,I);
%x=input data to the filter;dn=desired signal;length(x)=length(dn);
%y=output of the filter an Ix(length(x)) matrix;J=error function an
%Ix(length(x)) matrix;I=number of stages;ep<<1;
[w(1,:),y(1,:),e(1,:),J(1,:)]=ssp_lms_norm_signed_regressor(x,dn,mu,M,ep);
for i=2:I
    [w(i,:),y(i,:),e(i,:),J(i,:)]=ssp_lms(y(i-1,:),dn,mu,M);
end;
J=e.^2;


Fig 7.6.2 shows the results of a proposed self-correcting sign regressor algorithm. The constants and the factors were: . The outputs of the LMS filter are at the first and third stage as well as are the learning curves for the same stages.

Book MATLAB Function for Self-Correcting Sign-Sign Algorithm:
 [w,y,e,J]=ssp_self_correcting_sign_sign_lms(x,dn,mu,M,I)

function[w,y,e,J]=ssp_self_correcting_sign_sign_lms(x,dn,mu,M,I)
%function[w,y,e,J]=ssp_self_correcting_sign_sign_lms(x,dn,mu,M,I);
%x=input data to the filter;y=output data from the filter,
%y is an Ixlength(x) matrix; J=learning curves, an Ixlength(x)
%matrix;mu=step-size parameter;M=umber of coefficients;I=
%number of stages;w=an Ixlength(x) matrix of filter coefficients;
%dn=desired signal; 
[w(1,:),y(1,:),e(1,:),J(1,:)]=ssp_lms_sign_sign(x,dn,mu,M);
for i=2:I
    [w(i,:),y(i,:),e(i,:),J(i,:)]=ssp_lms(y(i-1,:),dn,mu,M);
end;
J=e.^2;


Fig 7.6.3 presents results using the above algorithm. The factors and constants used for the figure were: . The output of the filter at the first stage is the y1(n) and the one from the third stage is y3(n).



7.7 Transform Domain Adaptive LMS Filtering

The implementation of the LMS filter in the frequency domain can be accomplished simply by taking the Discrete Fourier Transform (DFT) of both the input data, {x(n)}, and the desired signal, {d(n)}. The advantage of doing this is due to the fast processing of the signal using the Fast Fourier Transform (fft) algorithm. However, this procedure requires a block-processing strategy, which results in storing a number of incoming data in buffers, and thus some delay is unavoidable.
 A simple approach has been suggested for this type of filtering and it’s diagrammatic form is shown in Fig 7.7.1. The signals are processed by a block-by-block format, that is {x(n)} and {d(n)} are sequenced into blocks of length M so that

[bookmark: ZEqnNum634862]		
The values of the ith  block of the signals {xi(n)} and {di(n)} are Fourier transformed using the DFT to find Xi(k) and Di(k), respectively. Due to DFT properties, the sequences have Xi(k) and Di(k) have M complex elements corresponding to frequency indices (‘bins’) k=0,1, … ,M-1

		

		
During the ith block processing, the output in each frequency bin of the adaptive filter is computed by

[bookmark: ZEqnNum320649]		
where Wi,k is the kth frequency bin corresponding to the ith update (corresponding to the ith block data). The error in the frequency domain is

[bookmark: ZEqnNum242864]		
The system output is given by

		
	To update the filter coefficients we use, by analogy to LMS recursion, the following recursion:

[bookmark: ZEqnNum956142]		
where

	

	

	

	


The dot  in  implies element-by-element multiplication and “*” stands for complex conjugate. If we assume  in the form

		
then  becomes

		
Therefore, equations  to  constitute the frequency domain of the LMS algorithm.
 The Book MATLAB function that gives the coefficients after I blocks (or iterations) is given below.

Book MATLAB Fourier Transform LMS function:
[A]=ssp_ft_lms(x,d,M,I,mu) 

function[A]=ssp_ft_lms(x,d,M,I,mu)
%function[A]=ssp_ft_lms(x,d,M,I,mu);
wk=zeros(1,M);
for i=0:I       %I=number of iterations (or blocks);
   if I*M>length(x)-1
      ('error:I*M<length(x)-1')
   end;
                 %M=number of filter coefficients;
      x1=x(M*(i+1):-1:i*M+1);
      d1=d(M*(i+1):-1:i*M+1);
   xk=fft(x1);
   dk=fft(d1);
   yk=wk.*xk;
   ek=dk-yk;
   wk=wk+2*mu*ek.*conj(xk);
   A(i+1,:)=wk;
end;
%all the rows of A are the wk's at an increase order
%of iterations(blocks);
%to filter the data, wk must be inverted in the time
%domain, convolve with the data x and then plot the 
%real part of the output y, e.g. wn4=the forth iteration
%=ifft(A(4,:)),yn4=filter(wn4/4,1,x) for even M;
 

Fig 7.7.2  was created using the above algorithm in the following program:
M=16; I=200; mu=0.005;
n=0:2000;
s=sin(0.1*pi*n); v=randn(1,2000);
x=s+v;
for n=0:1999
dn(n+2)=x(n+1);
end;
[A]=ssp_ft_lms(x,dn,M,I,mu);
w2=ifft(A(2,:));% the inverse fft of row 2 of A;
y2=filter(w2/2,1,x);
w10=ifft(A(10,:));y10=filter(w10/10,1,x);
subplot(3,1,1);plot(x(1,1:200));ylabel(‘x(n)’);
subplot(3,1,2);plot(real(y2(1,1:200)));ylabel(‘y2(n)’);
subplot(3,1,3);plot(real(y10(1,1:200)));xlabel(‘n’);ylabel(‘y10(n)’);

*7.8  Convergence in Transform Domain of the Adaptive LMS Filtering 
Let the signals {x(n)} and {y(n)} jointly stationary, and let the initial filter coefficients be zero, W0=0. Substituting  and  in  we obtain for the kth component the relation:

[bookmark: ZEqnNum558673]		
The expected value of , assuming Wi,k and Xi are statistically independent, is given by

[bookmark: ZEqnNum835519]		



Because x(n) and x(k) are stationary, their statistical characteristics do not change from block to block and, therefore, the ensembles  and  are independent of i but depend on k. Taking the Z-transform of  with respect to i of the dependent variable Wi.k, () we obtain the following relation (the Z-transform and the ensemble are linear operations and can be interchanged):




, where  since it was assumed that the initial conditions have zero values, and . Multiplying (1) by z-1 and (z-1), and applying the final value theorem () we obtain

[bookmark: ZEqnNum774822]		
Let the mean filter coefficient error Ei(k) be defined by

		
Then using  and  we find

		
Using the iteration approach (setting i=0, i=1, etc.)we find the solution of the above equation to be

		
The solution converges if

		
which shows that the power of the input plays a fundamental role in convergence and stability.

7.9 Error Normalized LMS Algorithm
 A new class of LMS algorithm based on error normalization has been proposed (A. D. Poularikas and Z. M. Ramadan, 2006) and these are:
1) Error Normalized Step-Size (ENSS) LMS Algorithm

		
2) Robust Variable Step-Size (RVSS) LMS Algorithm

		
3) Error-Data Normalized Step-Size (EDNSS) LMS Algorithm

		
where  

		
and 

		
Comments
· 
The parameters  in all of these algorithms are appropriately chosen to achieve the best trade-off between rate of convergence and low final MSE. L could be constant or variable (L=n, for example), depending on whether the underlying environment is stationary or non-stationary.
· The variable step-sizes in all of these algorithms should vary between two predetermined hard limits. The lower value guarantees the capability of the algorithm to respond to any abrupt change that could happen at a very large value of iteration number n, while the maximum value maintains stability of the algorithm.

Book MATLAB Function for the ENSS Algorithm:
[w,y,e,J,dd,n]=ssp_error_normalized_step_size(I,LL,m1)

function[w,y,e,J,dd,n]=ssp_error_normalized_step_size(I,LL,mu1)
%NN=length of the error vector e sub L;mu1=step size;
%N=length of adaptive filter;
%I=number of independent simulations runs used to average 
%the learning curv;
%LL=total number of iterations;
%h=the impulse response of an unknown system(plant);
%x=input to the unknown system and adaptive filter;
%dd=output of the unknown plant used as the desired signal;
%y=output of the adaptive filter;
%n=the internal noise of the unknown system;
%J=the MSE;
 
J=zeros(1,LL);Jminn=zeros(1,LL);
N=4;NN=10*N; h=[1 0.72 0.5 -0.21];
J=zeros(1,LL);Jex=zeros(1,LL);
for i=1:I
    X=zeros(N,1);D=zeros(NN,1);y=zeros(1,LL);
    x=randn(1,LL);w=zeros(1,N);e=zeros(1,LL);
    denn=0;n=sqrt(0.09)*(randn(1,LL));
    
    for k=1:LL
        dd=filter(h,1,x);
        X=[x(k);X(1:N-1)];den=X'*X;y(k)=w*X;
        e(k)=dd(k)+n(k)-y(k);
        denn=denn+e(k)^2;mu=(mu1/(1+mu1*denn));
        w=w+mu*e(k)*X';
        J(k)=J(k)+(abs(e(k)))^2;
        Jminn(k)=Jminn(k)+n(k)^2;
    end;
end;
J=J/I;Jmin1=Jminn/I;Jmin=sum(Jmin1)/LL;Jex=J-Jmin;
Jinf=(1/I)*sum(J(LL-I-1:LL));JSSdB=10*log10(Jinf);
Jexinf=abs(Jinf-Jmin);JexinfSSdB=10*log10(Jexinf);
MM=Jexinf/Jmin;Mpercent=MM*100;


Book MATLAB Function for Average LMS Filter Corresponding to the Above Algorithm:
function[w,y,J,Mpercent]=ssp_average_normalized_lms(I,LL,mub,ep) 

function[w,y,J,Mpercent]=ssp_average_normalized_lms(I,LL,mub,ep)
%N=length of adaptive filter;
%I=number of independent simulations runs used to average 
%the learning curv;
%LL=total number of iterations;
%h=the impulse response of an unknown system(plant);
%x=input to the unknown system and adaptive filter;
%dd=output of the unknown plant used as the desired signal;
%y=output of the adaptive filter;
%n=the internal noise of the unknown system;
%J=the MSE;ep<<1;mub=mu bar;
 
J=zeros(1,LL);Jminn=zeros(1,LL);
N=4; h=[1 0.72 0.5 -0.21];
J=zeros(1,LL);Jex=zeros(1,LL);
for i=1:I
    X=zeros(N,1);y=zeros(1,LL);
    x=randn(1,LL);w=zeros(1,N);e=zeros(1,LL);
    n=sqrt(0.09)*(randn(1,LL));
    
    for k=1:LL
        dd=filter(h,1,x);
        X=[x(k);X(1:N-1)];den=X'*X+ep;y(k)=w*X;
        e(k)=dd(k)+n(k)-y(k);
      
        w=w+(mub*e(k)*X'/(den));
        J(k)=J(k)+(abs(e(k)))^2;
        Jminn(k)=Jminn(k)+n(k)^2;
    end;
end;
J=J/I;Jmin1=Jminn/I;Jmin=sum(Jmin1)/LL;Jex=J-Jmin;
Jinf=(1/I)*sum(J(LL-I-1:LL));JSSdB=10*log10(Jinf);
Jexinf=abs(Jinf-Jmin);JexinfSSdB=10*log10(Jexinf);
MM=Jexinf/Jmin;Mpercent=MM*100;
 

Simulations


The proposed ENSS algorithm using an error vector of increasing length (L=n) is compared with the LMS algorithm in system identification as in Fig 7.9.1. The adaptive filter noise and the unknown system are both excited by a zero mean white Gaussian signal with unit variance. The length of the unknown filter is assumed to be of the 4th order (N=4). The internal noise, v(n), of the unknown system is assumed to be white Gaussian with zero mean value and variance =0.09. The optimum value of , in both algorithms, are chosen to obtain approximately the same miss-adjustment value, M=4%. Fig 7.9.2 shows the results which indicate that the proposed ENSS filter is superior to LMS one. The curves is the result of 100 independent simulations.  
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